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Abstract

The main purpose of this paper is to present Hermite-Chebyshev polynomials
and to give some properties of Hermite and Chebyshev polynomials. We derive
operational identities, generating functions, and integral representation for
power series satisfied by Hermite, Chebyshev, and Hermite-Chebyshev
polynomials. Furthermore, for these Hermite-Chebyshev polynomials, we give
operational rules with operators, often exploited in the theory of exponential
operators. Finally, some definitions of Hermite-Chebyshev polynomials also of
two, three and in turn several index are derived and new families of
polynomials.

1. Introduction and Preliminaries

Special functions appear in statistics, Lie group theory, and number
theory. The Hermite polynomials of the associated generating functions
is reformulated within the framework of an operational formalism
[4, 5, 6, 7, 10, 12]. In the case of generalized special functions, the use of
operational techniques, combined with the principle of monomiality
[2, 3, 9] has provided new means of analysis for the derivation of the
solution of large classes of partial differential equations often
encountered in physical problems [11], offers a powerful tool to treat the
relevant generating functions and the differential equations they satisfy.
The results are interpreted in terms of single, several variables, single
index, index two, three and in turn p-index in terms of Hermite
polynomials defined by Srivastava [14, 15]. The reason of interest for this
family of Hermite polynomials is due to their intrinsic mathematical
importance and to the fact that these polynomials have applications in
physics.

In this paper, Hermite-Chebyshev polynomials are introduced and
studied. We calculate summations, integral representation, and derive
raising operators for Hermite-Chebyshev polynomials and of its
generalization to the Hermite-Chebyshev polynomials. Before entering
into more technical details, we will introduce some identities that will be
largely exploited in this work. Finally, the end in this paper of an
attempt of unify several results in the theory of polynomials, also in
Hermite polynomials of one or more variables, author has defined the

multi-index Hermite-Chebyshev polynomials.
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The Crofton operational rule defined by [8]

m

am dm—l d
exp (oc dx_m] [f(x)g(x)] = f(x + mo. Lo ] exp (a dx—m]g(x) (1.1)

The Burchnall identity is defined by [1]

dm n ( dmfl ]n
exp| y X =|x+my . (1.2)
( dxm] dx™ 1

The n-th Hermite polynomials are defined by the following the

generating function:

itn—n' H,(x) = exp (th - t2), (1.3)
n=0

and the explicit form

[n/2]

k n—2k
H,(x) = Z - kl')(n(2x;k)' ;7 n>0, (1.4)

where | a | is the standard floor function which maps a real number a to

its next smallest integer. According to [13], the Hermite polynomials

satisfy the generating function

(), H (x)t - a o —4¢?
Z - (- 2u) By (5, S ) 9

The H,(x) is defined through the operational identity

Hy(x) = exp(—ld—z ) (22", 1.6

and the inverse of (1.6) allows us to conclude that

2
(2x)" = exp [i;—szn(x) 1.7
X
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The Hermite polynomials have simple and useful representations in

terms of definite integrals containing the variable x as parameter

A\ on o0
H,(x) = uexp (xQ)J. exp (— 2 + 2ixt)tndt. (1.8)
e —
The Chebyshev polynomials are defined by
Ln/2] 3 n—2k
_ D (n = k) (2x)"
U, (x) = Z W = 2] . n20, (1.9)
k=0
which are specified by the generating function
ZUn(x)t" =(1-2t+22)Y |xl <1, Jt < (1.10)
n=0

2. On Hermite and Chebyshev Polynomials

This section gives some properties of Hermite and Chebyshev

polynomials. We start with the following theorem:

Theorem 2.1. For k € N,

[n/2] (_ k)s(2]{1x)n_25 ~ Z Hﬂ1(x) an(x) an(x) @.1)
4 sl(n—2s) n!lng!...n! ' '
S= n+ng+...+np=n
Proof. Let us consider
f(xvk, tVk) = exp (2kxt — kt?) = exp (2kxt) exp (- kt2).
Hence we have
5 @kt) e (- k)
f(xx/z, t@)_r; o ; J
» [n/2] s n—2s
_ R @he)” 7 0 2.2)

'(n — 2s)
et Lt s!(n — 2s)
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On the other hand, from (1.3), we get

o0 n k
exp (2I<;xt - kt2) = [exp(2xt —¢? )]k = {Ztn—' Hn(x)}
n=0

= Hy (x)Hpy(x)... Hpy (x) |
:Z[ Z nylng!.. n! }' @3

n=0m +ng+...+np=n
Combining (2.2) and (2.3) gives (2.1). a

Theorem 2.2. For k € N,

1,
[221] (— k)s(2x1 + 2x9 + ...+ 2xy, )n—2s _ Z Hnl(xl)an(xZ)“' an(xk')
=0

sl(n — 2s)! B nlngl...n.!
( ) n1+n2+...+nk:n 1 2 k

(2.4)

Proof. Let g(x, x9, ..., X3, t) = exp(2(x1 + X9 + ...+ xp )t —tz). For

o FL R W
B

instead of, we can write

t\k ), using the power series and taking n —2s

) Xk N _ 2
g(—, 7=, ..., —/—=,tVk) = exp\2k(x; + xo +... + x )t — kt
(JE Vi Vi ) ( (1 + 2 ) )

_ i(Z(xl +Xg + ..+ )E) i(- K2 )®
n! s!
n=0 s=0

BBy e )
2

s!(n — 2s) t". (2.5)

n=0 s=0

On the other hand, we get

k
exp (Zk(xl + X9 + ...+ Xy )t —kt2)= [exp(Z(xl +Xg + ... Xp )t —tz)]

_ i Z Hnl(xl)Hn2(x2) an(xk) 4 (2.6)

| | !
n=0{nm +ng+...+n;p=n 1-72 k

By combining (2.5) and (2.6), one gets (2.4). O
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Theorem 2.3. For any positive integer k,

[%n] 18 x n-2s
Zi( l)s(zk(),z__s(zi)z) =2 Un@Up) - Upl). @D

np+ng+...+np=n

Proof. Using the power series of (1 - 2xt+¢2) ", and making the

necessary arrangements gives

ot o (k) 2\
(1-2xt +12) —Z(:)T(%ct—t )
n=

S S e

n=0s=0

w |[n/2] s
Z z ' '17)1 (k);s )f (2x )25 (2.8)
n=0 s=0

In addition to this, we can write

. k
(1-2xt+t2)% = ((1 — 2t + tz)’l)k = [ZUn(x)t”J
n=0

n=0\n;+no+...+n,=n

- i{ Z Un1(x) Unz(x) ---Unk(x)}n- (2.9)

By (2.8) and (2.9), the Equation (2.7) follows directly. O

3. Hermite-Chebyshev Polynomials

In this section, we can define the Hermite-Chebyshev polynomials by

[n/2], _\k 1972k g
npe) = 3 IO ) o
=0
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It is clear that
HU—l(x) =0, HUO(x) =1, HUl(x) = 4x,
gUn(=%) = (- 1)"BU,(x),
and
n n o2(n-k)
-1)"2
aU2,(0) = Z((n)—w #U2,41(0) = 0.
P | k!

In view of (38.1), we consider the series

@ w |n/2] k n—2k
n D (n - k)2 Hy g5 (%) 0
HZ(Z)HUn(x)t = nz(:) 2 AICRET] 261%) 4
S~ (- 1P (2, Hy (%) peon
:nzz;)kzo( )()k(!r);;k ()t 2k
_ 2\—1 - 2t "
= (1+1t%) ;(1+t2j H,(x). (3.2)

By using (1.5) and (3.2), we obtain a generating function for Hermite-
Chebyshev polynomials in the form
o0

2
UL = (L= a4 22 B3, 15 = - —— )

- ). (3.3
— (1 - 4xt + 12

Moreover, another generating function for Hermite-Chebyshev

polynomials is given in the form

© n
ZZﬁHUk(x)tnfkun = exp (ut)(1 - 4xu + u? )}
n=0%k=0 :

1612

(1-4xu+u

). (3.4)

1
x 2F0(§,1; - 7
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The following theorem presents a representation for the Hermite-

Chebyshev polynomials and reduces to the operational rule.

Theorem 3.1. The Hermite-Chebyshev polynomials satisfy the

following representation:

2
gU,(x) = exp (— i;Z?JUn(Zx) (3.5)

Proof. From (3.1) and (1.6), one gets

REL e )y H, ()
K (n — 2k)

HUn(x) =
k=0

1 d”
= exp [— de—2jU(2x) O

Note that the inverse of the operational (3.5) is

2
U,(2x) = exp (% (ZC—2]HU,L(JC) (3.6)

%, the expressions (3.5) and (3.6) give

another representation for the Hermite-Chebyshev polynomials in the

It is worth noting that, for x =

form
d2
Un( % ) = exp [— dx_ZJUn(x)’

and
d? X
Up(x) = eXp(dx—J HUn(E ).

Now, we can see that the integral form of Hermite-Chebyshev

polynomials with on their properties and prove the following:
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Theorem 3.2. The Hermite-Chebyshev polynomials satisfy the

following relations:

LU, (x) = %exp (xz)j exp (- 22 + 2ixt)U, (- 2it)d. 3.7)
Proof. By using (1.8) and (3.1), the integral form (3.7) follows
directly. a

Now, we are devoted to operational identities to the theory of
exponential operators, may significantly simplify the study of Hermite-
Chebyshev generating functions and the discovery of new relations.

To give examples of how the method works, we consider the sum

Flx, t)= Y gU, ()", (3.8)
n=0
and using the Equation (1) of [8], we get
1 d* d
exp (— Z?jUn(Zx) =U,(2x - I ). (3.9

By multiplying the left-hand side of (3.9) by t" with using (1.10), we find

iU (22 — Ly =(1-2t(2x-i)+t2)_1 (3.10)
e n dx dx ’ ’

allows us to write (3.8) as

1
d 2
1-2¢(2x Ix )+t

Flx, 1) = ) gUp ()" =
n=0

= J exp (—s(1 +t2))exp (2st(2x 4 )) ds.  (3.11)
0 dx
We can therefore use the decoupling rule of the exponential is defined by

eAtB _ p4oBoT2 (3.12)
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which holds in the hypothesis that the operators A and B satisfy the
commutation brackets

[A, Bl=k [A, k]=[B, k]=0, (3.13)
when [A, B] = AB - BA =k [8]. By using (3.12) and (3.13), we can write
the integral on the right-hand side of (3.11) as

I:exp (-s(1+t%))exp (2st(2x - % ))ds

= I: exp (—s(1 +¢2))exp (- (2st)? ) exp (4sxt) exp ( — 2st % )ds.

(3.14)

The second example to illustrate the usefulness of the above procedure.

According to (3.6), we can write

4 x2
1d d*
= exp[—ga—xdeJUzn(@) (315)

We now decompose the exponential operator on the right-hand side of

Equation (3.15) by means of the following operational rule:
. N
e B = (1+ mAYme?, (3.16)

which holds if [A, B] = mA2, we can write (3.14) as follows:

Ugn(Wx) = (1 - L )% & ), (J2x
H 2n( x)_(l_%)Z €xp _xdx_z 2n( 2x)~ (3.17)
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4. Generalized Hermite-Chebyshev Polynomials

Here, we consider the generalized Hermite-Chebyshev polynomials

g UM (x) in the form

) = =2 ET () .

m _ n—mk
nUn'(x) = P k' (n — mk)! .1
Consider the series
i Um( )tn _ itn/zmj (_ l)k(n — (m — 1)k)!2n_MkHr’Ln—mk(x) tn
n:OH n ¥ - et k' (n — mk)!
_ i i (_ 1)k2"(1)n+kH31 (x) tn+mk
et e k!'n!
0 n
=1+t )-1Z[L”J H(x). (4.2)
noo Ml +1

Using (1.5) and (4.2), we obtain an explicit representation for the

generating function of Hermite-Chebyshev polynomials in the form

16t2
)

- 4.3
(1-dat +t™)? *9

> HUR )" = (1= dat + ") Ry (5%
n=0
Finally, the above relations will be used, along with the generalized
Hermite-Chebyshev polynomials can be shown to satisfy the property, to
derive new properties of the family generated function by (4.3) yields as
given in the following paper. It goes by itself that we can introduce the

Hermite-Chebyshev polynomials

(n—s)2" 2 H, o (] +x, +...+%},)
s!(n — 2s)! ’

_ Ln/2J (_ l)s

gU,(x] +x9 +...+x1)

s=0

(4.4)
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and

[n/2] s n-2s
Z (1)’ (n—s)2" " H, o5(x1,%1,...,%})
HUn(xl,xz,...,xk)z v S!(n—nZSi ; keN.

(4.5)

The Hermite-Chebyshev polynomials of two, three index and in turn

p-index in terms of series are represented as follows:

[n/2]m/2] k+s n+m-2k-2s
_ D) (n - k) (m —s)2 Hyym-2k-25(%)

#Un,m () = ; ; ksl (n — 2k) (m — 2s)! ’

(4.6)

[n/2][m/2][ p/2]

HUn,m,p(x) =
k=0 s=0 wu=0

(_ 1)k+s+p (n _ k)! (m _ s)! (p _ u)!2n+m+p—2k—23—2u
Kstu! (n - 2k) (m - 2s) (p - 2u)

x Hn+m+p—2k—23—2u(x)’ (4.7)

and
P LT IP P -23P ks
p n/2] (_ 1)Zi:1kl | Ii:1(ni _ ki )!zszln ZL,1

p p
ol o | I .vI | 9k )
i=1 k=0 i:lkl' i:1(n’ 2k; )

x H

HUnl,nQ,...,np (x) =

x). 4.8
f’:lni—22f:1ki( ) (4.8)
Further examples proving the usefulness of the present method can be
easily worked out, but are not reported here for conciseness. Further

applications will be discussed in a forthcoming paper.
5. Concluding Remark

One can use the same class of integral representation and operational
methods for some other polynomials of several variables. Hence, new

results and further applications can be obtained.
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